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Al)stract

WC cliscuss intcrfcro]Ilctric  dctcctiol)  of gravitatio])al  waves usi]g ]nalti])lc  bouIIc.c parallel-hca~l) systcIILs.

‘J’IIc design wc co]lsidcr allows us to rCII-IOVe tlic laser frcquc~icy fluctuatio]ls , rind gives a rc]llailli]lg non-zero

gravitatio])al  wave signal. ‘1’IIc rcxultant  scnlsitivity, llowcvcr, is alIout  1{ ti]l]cs s]nallcr  tlian  tllc scmsitivi~y

of a two arvn h’lichdson intcrfcrolnctcv  ol)crating; with IJ rcflcctiolls. A space-basccl  vcrsio]l  of our dcsigll,

sc)lsitivc  to kilohertz r:icliation slid wit])  all arIo lc]lgth of about 100 kin, would rcqairc mIly onc rdlcction.

‘Jil)is would  IIlakc it as sensitive as a ri{jlt-a]lgled  OIIC-l)OUIICC  hfic.llclsoll intcrfcromctcx  of si]nilar  arln  lcuIglh.

1’ACS  ]Iulnl)ers:  04.80.N, 95.55.Y, and 07.60.1,



1 Illtroclllctiol]

Non-rcsoIIaIIt  (lctcctors  ofgravit:Lticlll:llr a{li:itioIl  (witlI frcclllcl]cycolltc]lt  0< ~<fo) [lrccsscll~i:lllyilltcr-

fcrolllcters  \\'itll  clllcor  lllorczirIlls)  iIi}vlliclI acollcrcllt trziillc Jfclcc.Lroll-lf igllcti c\\'2i\'cs(  c~fIl()l[lill:ilf  rcclllcllcy

//0 >> jo)  is foldc~] itit,c~ scvcr{il ljc.aIIH,  aIId at I)oillk  wllcre tlIcsc i]ltcrsccl  relative  fluct, uatio!ls  of frcquc]lcy

or l)lIasc arc lmnlitorcd  (l]mllodyllc dctcctic)ll).  11’requcl)c.y flue.trlatiol]s irl a Ilarrow lIalId CaII altcr]ialivc]y  hc

drxcribcd  as fluc~uati]lg  sidcba~ld arn)llitudcsj  and illtcrfcrcvlcc of two or lnorc bcaIIIs,  prc)duced  and Inol I-

itorcd  ljy a (no)llillear)  dcvicc such as a lJhotodctcctor,  cxllil)its  tl]csc sidebands  as a low frequency signal

agai Il willl frequency ccmtmt  O < ~ < fo. ‘J’IIc  obscrvd  10W frcqllcncy signal  is duc to frcqllcllcy Variations of

tllcsclllrcc  c~ftllcl )ciill-lsal~ollt  l/O, tc)rclativc lilotic~l]s clftllc  sotlrcc:~ll(l Lllclnirrors  (or all-llJlifyillg  trallsl)oll-

dcrs) t]lat  do tllc folding, to tc]llljc)ral variatimls  of tlic illdcx c)f refraction a]ong; the lJcaIIIs,  and, ac.cordillg

togcnlcral  rclativi~y,  to ally LirIlc-vzirial)  lcgravit:ittiollztl  ficlcls }Jrcscllt, sllc.ll astlic tramvcrse tracelcss  IIlctric.

c.urvaturc  c)f a passing })lWIC  gravitational wave train. ‘J’o observe tllcsc  gravitational Jiclds ill this  way, it is

tll)us IIcccssary to control, or lIloIlitor, tllcotllcr sources ofrclativc frcqumlcy fluctuatiollsj  aIId, ill tlic data

analysis, to optionally usc algorithlns  lmcd 011 the cliffcrcllt charwtci-istic  illtcrfcrolnctcr  responses to gravi-

tational wavm (thcsignal)  and to tlIc otllcr  sourc.cs (tllc  Iloisc). Several fcasil~ility studies [1-4] llavc slIown

that this call ~)rcsclltly  bc doIIc  to astrol,llysic.ally  illterestiug  tllrcsllolds  for I)ot}l .grcm~ld aIId s l ) acc -based

i)lstrullmllts.

‘J’llcfrc(l~lcI]cyl>allcl in whit.11 a groulld-hascd  irltcrfcroIllctcr  call bc~nadcrnost  smlsitivc  togravitatiolla]

waves [2] ranges frolll about tell llcrtz to al~out a fcw kilollcrtx,  with arln  lc~lgtlls ranging  fro]n afcw tens

of  lnct,ers to a few kilo~nctcrs. Spat.c-basccl ilitcrfcro~ncters,  such as tlm collmmt lnicrowave tracking of

intcrJJlallctary  s])ac.ecraft  [3] and }]roposcd hlic.hclson optical illtcrfero]netcrs  i]) plallctaryorl)its [4] arc most

sensitive to ]nil]i]]crt,z gravitational waves, with ar~n lcIlgllls  ratlgi~lg fro]n  106 to 10s kilorIlctcrs.

in prcscllt  single-spacecraft llopplcr  tracking  obscrvatiolls,  Inany of the ~loise sources call bc citllcr  reduced

or c.alibratcd  by ilnl)lcl[lcnting  approllriatc 11-licrowavc freque]lcy links a)ld by using sllecializcd  hardware, so

tllcfll~l(l:illlc~it:tl lill]itatioll  isil]ll,oscd  by tllcfrcqumlcy  (tilnc-kccpillg)  flue.tuat.iorls illllcrmlt  to tllercfcrc]!ce

clocks  that control the lnic. rowavcsystclll.  IIydr-ogcn lnascr  clocks, currently used in l)ol)))lcr track  ingcxl)cr-

imrmk,  achicvc  tllcir best performance at shout 1000 sccoIIds  integration tilllc, with afractio]lal  frcqucmcy

lG ‘J’his is tile rcasoll why thcm  onc-arl[l intcrfcrolnctcrs  arc lnost  sensitive tostability of afcw l)arts  in 10- .



lilillillcrtz g;ravitalional  waves. ‘1’llis illtcgratioll  ti]rlc is also co]llparal)lc  to tlIe storage tillic I//c for slJacc-

crafl  eII route to (lIC ollter  solar systrIII (1/ P’3A~l),  so tlIcsc i]lterfcr(JI[lt’tcrs  have llc:~r-c)])tilr](]rfl rcx])cmsc to

gravita[iona]  radiation.

l]y co]lll~aring ],hases c,f sl))it hcaIIIs  pro]) agatccl  aloIIg 11011 -]) ZLC’a]lC’]  ar][ls  [ 2 , 4 , 8 , 1 1 ] ,  sc,urcc frcqucmcy

fluctua(iolls  CaII lIC mnovcd aIId gravitatiorlal  wa ve  sigrlals at l ower  l eve l s  can iu ]Irillc.i])lc hc clctcc.tccl.

l;sl]ccial]y  for illtcrfcrol[lcilcrs  tll; it usc light  gcucratcd  lIy IIrcsclllly available lascrsj }Vllic.11  lIavc fIcquclIcy

stal)i]ity  rouf;]lly  a fcw ~~arts in 10” 1:{ , it is csscvltial to bc able Lo remove tlicse  fluctuatic)lls  WIICI) searching

for gravitatiol)al waves of dilllctlsio~lless  allll)litudc  ICSS tlIaII 10”19 ill tllc lllillillcrt2

10-21 - 10-zs  desired in tllckilollcrtz  frcclllclic.yll:ill(l  [2]

‘1’lIc  usual  way of c]l~cratillg arl intcrfcroInctcr  ilnl]lics, IJowcvcr,  that tlIc frcqucllcy

l)all(l [4], dow’li  10

side ha]lds i]lduccd

by agravitatio)~al~  ~f~tvc}f[illisll  WIICII tllcaril-js  oftl~cilltcrfcro~  llctcr  arwparallcl. It is illtcrcsting  tllcrcforc

to c.ollsidcr wllct]lcr  there mist alicrl~:~tivc\ \raysofI  l-lakillgl  l~cas~lrclIlc~lts\  vitli all illtcrfcrc)lllctcr  of~)arallcl

llcalns. ‘J’llis would bc a])]) licablc,  for  illstancc, to s i tuat ions itl wllicll site c.c)nstraint,s  would allow the

C.olwtructio]l of only cmc long vacuull) }Jil)e [5]. ‘1’IIc l~ossil~i]ity  of ilnl]lclne])ting  a~l illtcrfmollmtcr  detector

with only olIc arl[l would  alsoilll})ly  that orthogollal-arln  vacllllll]il~stallatiol]s  woulc]  actuallybc  cal)alrlcof

gCIICratillg  tWOStK!a]l]  C) fdata, fl”Oll”I  iIldC!l)ClldC.llt  O1lC-/lrll”l SyStCIllS. ‘1’llis wc)ul(l l~rovidc hotli  rcdunclanc.y  iu

tl]c data a~lalysis and useful extra directional  illforlnation  about  the si.gllril. 111 this pal)cw we address this

})rcjl~lclnj and as an exa~ln~)lc propose a ~)articmlar clmign for a lnultiplc  bouIIcc o]]c-arln illtlcrfcrornctcv)  in

which offset bcaIIIs  arc drivcll I)y tl]c sa)rlc laser ligltt.

III SectiolI 11 wc dcducc  froln filst  l)rillcil)lcs tllc rcsl)ollsc function  of a single-ar~n folded l)carll to a pla]lc

gravitational wave train. I II the lcm.g wavclc~lgLll lirllit (arln  lcllgt~l << gravitatio~lal  wavclrmgtll) tllc usual

cxl)rcssioll for L]IC l)]Iasc s}lift  c~f a II]any  ~jouncc systcIn  [6] is rcc.ovcrcd. ID %ctiorl  ]11, after clcsc.rilling  clur

},rol)oscd clcsign of a onc-arll)  intcrfm-olmtcr,  wc dcclucc its response fullctiol] to a }Jlalie gravitational wave

train. ‘1’he  data fro~n such an illtcrferolllqter  give a ~lc)~l-zero  gravitational wave signal,  aIIcl a relnailiing  laser

phase noise of ]riagllitudc  s~nallcr than tile signal, altllougl]  the usual advantage of IIavi]lg Inally bounces is

lost.  our  IIICLIIOCI  also relics on the cal)ability  of independently ]ncasuring  tile lcngt]ts  of the arlrw; ill Scctio:l

IV wc CICCIUCC  an analytic.  expression for t]le ~)eccssary  l)recisiol). l’cw prcxmtly  availahlc  lasers, in order to

reduce  t}lcir Iloisc to a lCVC1  of 10--2], the corrcsl]ondi~lg  re]ativc  prcc.ision il~ arlo  lcl)gth Il”lust Lc lCSS tlla~l

1 0-8, wllic.1] slIould lIC acllicval~lc with auxiliary rallgit~g c]r by Lakillg  advantage of the “two IJulse” time
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dcpcIIdc IIcc of tlIc l:u+er noise itself [7] l’ilially in Scctic]ll  V wc IJrcscllt  oui - c.ollllIwI]ts  and collclusiolis.

‘J’llc llct  Cfrccl of a }$’ea k gravitational wave train OII  tlIc frcclucllcy  of a colicrclit  Iigllt I)call)  rcflcctcd  OIIC.C  in

a slatioliaryj frml.y fallillg, cc)nflgu  ration  c~f source alId lnirror  is tllc so c.allcd thme-pllkc  tcsponsc  junclzon

[1,7,8]. A p;rt,litz,tic,],;,l wave ~~ulsc C.o]ltribuhx  to tl,c il,tcrfcro*r,ctrically  ],,casurcd  ~,llasc sl,ift  at tl,rcc tirncs,

nal IIcly at tlIc til[lc it is incident olI tlic sc]urce,  the il]tcrlncdi:ite  tilllc wlIelI tllc light bou IIccs off tllc clid

IIlirror, aIId al tllc roulld-tri}) light  tiillc.

III this  Scctioli  wc will dcducc tllc gcllcral  ex})rcssion fcm tllc Ijhasc shif t  duc to a g;ravitatiollal  w a v e

wlIcn  tllc laser light is Illadc to bollncc }; tilncs  hctwccn  two freely palling (geodesic) IIiirrors of very nigh

rcflcclivily.  ‘J’lIc  sc)urcc  of tllc lig}jt is at tllc first ]Jlirrcm , WI(I tllc Ilct frcquc~]cy cJIa IIgc, or cquivalcllt  ~lllasc

fluctuatio]l,  is illterfcroll]ctric.:,lly  I,masurccl  tllcrc.

IJct us consider the spat.c-tilnc IIlctric.

(1s2: --(112-1 (1+ h)rh?-1  (1 - h)dy~-i  dz2 , (1)

wllcrc /t =. It(i - 2) << 1. ‘1’ofirstordcr,  tliisis tllc.general relativistics olutiorl  for tllcstr-:iin  ficlcl ofalillcarly

polarimcl  gravitational wave traiIl l)rol)agatillgill VaC.UIIIII  aloIIgtlIc  l]ositivc  z clircction.  ‘J’IIc ]1-ictric could

hc gcllcralizcxl  by adding  in an alnplituclcfor the otllcr  possib]c polarization) l)ut to first ordc,r  it isjusl as

easy to do tliis at tllc c.ollclusioll, as nccclcd. IJcl, us also amuinc  Lllat our two Inirrors  arc statio]lary ill tllc

(z,  z) p]anc.  ‘J’lIc  relative gcolrlctry  is dcscril)ccl  in l(’i.gurc  1; wc IIave clcnotcd by a the cosil~c of tllc angle

hctwccll  the clircction of l)rol)agation  of tllc gravitatiol]al  wave allcl tllc lillc joi~lillg Inirror a to lnirror  b.

111 this  space-tilllc the ]l]irrors follow’ a geodesic. ll-]otioIl, rcl)rcsclltccl by w o r l d  liilcs ~)arallcl to tllc t

axis. Wit]l  the gcolnctry  dcsc.ribcd  ill Figure 1, wc call visualize our l]llysical systc]n  witliill  tllc sl)acc-tilnc

diagram slIown ill F’igurc  2. ‘J’llc vcrtic.al  axis is t}ic ti~oc t, wlli]c the horizo~ltal axis is t}lc lilLc crz -1 Da!,

wllcrc ~2 = 1 - CV2. ‘J’lIc t axis coincide with tllc world  lirlc x = y = z = O of Inirror a, wllilc tl)c world

liuc for ]nirror  h is (to first orclcr ill h): 2 = @l), y = O, and z =- CYIJ. ‘J’hc characteristic wave fronts  of the

gravitational wave arc givcl)  by t -2 = constant.

~olisidcr, at alI arbitrary tirl!c i, a perfectly lnollocllrol[latic  ])l]otoa  of frcqucnc.y  vo (as llmasurccl  ill the
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rest fralllc  of a) clilittcd fro]]) a laser at, a, wllicll l~oullccs c)fl tlic clld IIiirror  b al tilllc t -} 1,, and tllcm rctur~ls

to IIlirror a at Lill]c t -1 2,1,. 1]) l“igurc 2 this  trajectory is rcl)rcsclltcd  I)y two null g;codcsics, O1lC originat,il]g

at  tlic cwcult  laljcllcd  O and clldillg at tllc cvcvlt 1; tllc otl]cr collllccts  tlic event  1  to  tl)c evcl)t 2. ]’arallcl

tralls}]ort  of a Iiu]l vcc.tor  aloJ)g tllcsc null gcodcxic  is usccl to c.alculak  VI, tllc frcquc]lcy lneasurecl at event

1 ill tl)c rest frall]c c)f b, and v~ at cwel]t 2 again ill tllc rest fral]lc of cf.

‘J’IIc  frcqucmc.y sl)ifk vi - VO,  aIId u2 - vj a r c  r e l a t e d  to tllc gravitatiolla]  wave a[[lplituclc accorclill-g to

tl)c followil]g sillll~lc “two ljulse” rclatiollsllilx [i’] (also scc l;qs.  (13) a]]cl (1!3) of IM. [1])

wllcrc vo is i]lclcpcli(lcnl of tilllc,  since for tlic IIlolmlit  we arc c.ollsidcring  a ]Ilcjllocllrolr laticlig;llt sc)urcc  (or

“atolnic?’  frcquc]lc.y standard)

If wc loultiply  togctller  lI;q. (2) and lf;cl.  (3), a]ld disregard sccolld orclcr tcrllls in tllc wave aloplituclc  h,

wc clcdLIc.c  tllc tllrcc-l)ulsc  response functiol)  in its ori.gillal for-lo [7]

]’;q. (4) is then  best rcwrittcli tc) display the fractional frcquc~lcy change at cr as a function  of tiloe  t

(4)

(5)

‘J’hc phase diffcrcncc A@(ll(t) ~Jmasur~d,  say, hy a l)lloto detector is rclatccl to the c.orrrxl)onclin.g  frequency

c]langc, givcll by II;q. (5), as follows

(6)



If wc dcfi]lc tile IJourici-  trallsforll]  c)f tllc ti]llc series A@IIJ(L)  to bc g;ivcll by

-.—-

/

-1 ml

A~)(l)(~) z A@)(t) c2”iJf dt ,
- cm

(7)

w c  call rcwrilc  lI; q. (5) ill tl)c l“ouricr  dolllai~i  as

---
Al#(l)(f) w) ~(j),
?nvo ‘  -  

i7(ij
(8)

l]) Eq. (8) IL(j)  is tl)e tllrcc-]]ulsc  tralwfcr  fulic.tion

(9)

For those who )Jrcfcr to tltinlr ill terllls  of llctcrodyllc  dctcctioll,  of signals cnl a carrier of alnl)litucle  Ao mid

frcqucllc.y  v~, this p]]asc  l,,odulaticnl  engcmdcrs  side bands  of a]llplitllde  A given by

?(VCI + j) ,_ VO
A(l

-f[It(j)  lt(j)*]’/2 z(j).

If wc cxl)allcl lIkI. (9) in tile long wavclcliglll  limit (j], << 1), to first order i~l jl. l;q.  (8) I)cco)ncs  [8]

(lo)

(11)

‘lilIe fac.lor (crz - 1) is tllc “bcall)  patl,crn” of a siaglc-boullce  lillmr  .grrtvitatliollal wave allhnll]a.  la tile long

wavck]lgtll  lilllit,  its “alltcvl]la gain” is x 1/.

l,c.t us now assulnc  that the light inside tllc arln  Iliakcs  11 bounces  before it is lnaclc to intmferc  with the

light  of tho laser. WC want to dcterininc  what tl]c corrcsponrling  phase  change will bc ill this case. l’born

Pigurc  2 wc Ilote that tl]c frcqucllc.ics  v~(t -1 21.), v~(t -1 31,),  and v4(i + 41,), for instarlcc,  arc rwlatccl a?nong

tllcvllselvcs  as vo, VI (t -I 1,), and Z/2(i! -I 21.) a.ss~ll[ling proper care of tlic tilnc  argu~ncnt is taken. We can for

CXalI”]pk  CMily find that t])C fO]lOWillg  CX})rCSSiOIl  fOr 1)4(1 + 4]J)/v2(t  -{ 2]J)  ]10](]S



(1  -  “) I,(L-I 4/,).- -
2

(12)

If wc )nultil>ly l’;q. (4) hy lI;q. (12) wc p;ct, to first order ill )1,

v,(t -1 41,)
(] -  “) /,(t-l 41,), 1-1 f’ “ c’) I((t  -1 21,) - Cr //(t -1 21/-1 (1 - 0)//) - - z

1/0 2

(’ -  c’). h(i -} 21,).(1 -1 “) ~,(~)  - ,, /,(t-l (1 - 0)1/) - -2- 1 -  ~ (13)

If wc use tlic cldillitioll  of y(t)  g;ivc~l ill l+;q. (5), l;qo (13) can Lc rewritten in tlic followi]lg way

(14)

Af t e r  SCI]IIC  silllplc  algc.bra wc call easily CICCIUCC tlIc followi)lg cxprcssicm  fc)r  tl)e frcquc~lcy change after 1]

bounces

(15)

l,ct us now clcIIotc by A~f’JJ(t)  tllc ],l)asc shift lncasurcxl  at tllc IJlloto detector for tile l; bounce  c.olIfig-

urntion. ‘Ihki]lg i]lloac.c.ount  ]I;q. (15), wc can write tllcfollo}villg  ec{~iatic]ll

whit]} in tllc Pouricr  dolnain  bcco]ncs

(16)

(17)

lboxn tllcclc+nition  ofy(i)  (Ilk]. (5)), and z~ftcracl(lillg  t}lcgcol!lctric  ljrogrcssioll, wc can rewrite l’;q. (17) as

---  -
A(m(f)

[--- -

y(f) z(j) 1 -  (74’ ‘}’~]’
2ni/o ‘-- “““inif 1‘j - ~Tmi~I. ‘ (18)

If wc expand II;q. (18) in tllc long wavclcngtll  li]llit,  that is to say wllcll j], <<1 but allowillg l] to bc Iargc



CIIOUCII  t]iat 41)JI,  H 1, for t]lc dolilillant  fmqucllcy l)alld of tllc gravitational Wave sigll:~l, Wc get

(19)

NOLC t]]at  the trallsfcr  ful)ction .givcl~ in II;q. (19)  dots  Ilot itlcrcasc  li]lcarly wit])  tllc arln  lmlg;tll,  as it

did for tlIc oIIc-bou  IIcc C.onfiguratioll, 11 = 1. I+’or  a givcm arln  lclig;tll 1, and for a gravitatiorlal  wave siglial

of dolllillalit  frcquc]lcy j, CJIIC can flloc)s~ tllc Illl]lll}cr of rcflcctiolls  11 i~) sllcll a way that 411j17 V 1, and the

rcsIIolIsc  is o})tilllal, dcl)cndirlg c)llly c)ll j al]d tllc geolnctrica]  factcm (1 - 02).

Note that this condition  alsc) lIolds for a Michelson interfcro]nctcr,  sirlce its transfer fullc.tioll is cssmltially

cqua] to tllc cmc givcll in ]tq. (19), apart frozll a different mltc~lna pattern [9,10]. At O]IC  fiilollcrtz  an

ortllogonal-arl]l  illtcrfcrc)ll lctcr, of 40 lnctcrs  arln  lcI@lI arid l; c< 2000 bounces, would cxl)cricllc.c tlic sall)c

IJllasc  sl)ift duc to a IJassillg gravitational wave as wc,uld an illtcrfcrcnncter  of’ 4 kilol[mtcr arln  lcngLll and

)1 P 20 I) CJUIICCS.

1 I 1 ofJ”sctr ]“)arallcl arms

l,ct us ccmsidcr  the ol)tical  c.ollfiguration dcx+cribcd in l’i.gurc  3. WC have two }Jarallcl  folded beams  dis})oscd

scclucntiril]y  (one after tllc otllcr),  cac.11 of total lcngLII 21J1., hut offset by a distance 1. ‘1’his sctu]) will be

rcfcrrccl  tc) as (oflsct)  para]lcl  arllls. ]n l~igurc 3 tlic distallcc  1 lias bccll assumccl, for s:ilie of clarity, to

hc lar.gcr than 1,. At al] arbi t rary tilnc  t a l]crfcc.tly lllo~locllro)llatic  laser light  of frcquc~)c.y V. is injcctec!

into tllc first arl]]. Itl l) OU]JCCS  irlsidc tllc arln  IJ tilllcs,  a]ld tllcll lJarL of tl!c liglit is Ii!adc to ilitcrfcre  wi th

tl)c incollling  I)cal[l, wlli]c tllc rc~nailli~lg  light is fcd i~lto tllc IIextj arln. “J’l)c light t}lat cnltcrs ill the second

arln also lnakcs  l; boutlccs,  and then intcrfmm  with tl]c light shining  on its inlmt J)ort. ‘J’hat is, two phase

clifl’erellccs are rneasui-cd  at tllc salne ti]nd, at tile two offset ilil)ut l)orts,

‘1’llis p]lysic.al corlfiguration  is represented I)y tllc sl)ac.e-tilnc  cliagraln givcll ill ]igurc  4. IIcre we IIavc four

world  lines fcm the four lnirrors.  As ill ]+’i.g;ure 2, the world lirlcs  of Inirrors  a and lJ are give~] l~y x =- y =- 2 u O,

and x = 61, y = O 2 : crl, rcsljcctively.  ‘J’lle world ]incs c)f :Iiirrors  c and d are given ( to  f i rs t  order  in h)

b y  tllc equatio~, z = @l y = O 2 T crl aIICl 2! = P(1 -i 1,) y :- 02 = c,(I + 1/) respcc.tivcly. ‘J’he t r a j e c t o r y  of

tlIc light  is reprcsc]ltcd  by (41/  -1 1 ) IIUI1  gcoclesics. ‘JIIc first  211 null geodesics connect} sequentially, events

on the time-like g;eodcsic.s of ~liirrcms a and b. A ~Iull geoclcsic.  c.onnccts  tllc event  labe]lecl 211 to the event

7



lal)clld 1, wllicll rcIJrcscIIL  tl)c cvcrlt at ]}lirror  c WIICV1  tllc li.g;llt cnlers  tile second arln.  l’i]lal]y  tllc rclrmi[lillg

211 ~JIlll gcc,dcsic-s c.onllcxt  CVCIILS  that are lclc.ai,ed o]) tllc Li]lm-like gcc)dcsics of IIiirrc]rs  c and d.

‘1’ltc qua]ltity  IImasurcd i]ltcrfcrol[letric:llly  ill t}lc scco]ld arlrl is t}Ic rcl:itivc frcqumlc.y clIange [V4T,+ ~(t) -

u,(t) ]/z/,(t). II] w]lal follo~vs  w will dc(]ucc its dcl)cHIdcIIcc 011 t]le gravi tat ional  wave a]ll))lil,udc. l~ct us f i r s t

rewrite tllc rcspollsc  of tile first arm [lI;c I. (1 5)] i]] the following for]n

(20)

‘1’hc  frcqucllcy  at tllc event ~, VJ(( -1 2)11, -1 /), is rC]2LtC(l  to t]lc f requency vz~,(t-{ 2)11,)  by t,hc f o l l o w i n g

relationship (sccllq.  (2))

(21)

l’or  the rc]lminil).g

]fwcl[lultiply l;q

4111. -1 /)/1/0

21J’ boNIIc.cs  i]] t]lc secoIId  ar]ll, OIIC c.[111  easily  dcducc t]Ic fc)llowing cquatio]l

f{-]
v4]f+ l(t -} 41)1/ -1 1) =

1-1 ): y(t -1 41~1. -1 (1 -- cY)/  - 2kl/),
l/J  (i-l  2};1;  -i i)

k: O

(22)

(22) by l;qs.  (21), (20), tc~ first  order ill h wc get L]IC fo]lowillg expression for v4~;+ ](1 -I

1!- 1 1{- 1
l/41f+J(t  -1 41il/  + /) =-.. — 1-1 >: y(t -12111, - xl,) -i >: y(t -1 4}~1. -1 (1 - Cr)l - 2kl/)

1/0 k’, o k=O

-, fl  -1 c!)
z . -~ [L(1  -1 2}]1.) - h(t -1 21)1, -I ( 1  - CYy)]  .

If wc lnul(i}~]y  ]I;q. (2?1) by lI;q, (20) wc get

(1 -1 W) [),(1., 2]{],) - h(t  -{ 2}11/ -1 (1 - ti)OlV](1 + 2111/-1  /) , ~ -1 -
I@ . 2

1{-1

-1 >; Y(t -1 21J’IJ - 2kl/).
kro

(23)

(24)

8



So lI;CI. (23) can bc rcwrittcll  as

wlli]c l’; q. (24) l.ICCCJt I-ICS

IIy dividing l’;q. (25

~’4rl+ l(f)-.
v](i)

by ];q. (26) we ~ct, to first  order in IL

1{- 1 1{- 1 1{-  1

1 - 1  )_; ?/(t - 2111/ - 2LI. - /) -1 >“; V(t - 2LI. -- d) -- ~ y(t - 2LI, - q
k=o k= O k=O

(25)

(2G)

(1 -1 a)
-1 - - -  ~ - -  [h(t - 2111/  - -  /) - h(i - 21;1/  - cd) - h(t -/) -1 h(t - d)] , (27)

WC IIOLC  that, to first order  in ~i, tllc rc]ativc  frcqum]cy  c.liangc [V4JJ+  ~(t) - VI (t)]/vl (t) is e q u a l  t o

[V4,J+ ,(t) - v,(t)]/vO.  ‘J’l,is  allows us to cx])rc.ss the relative frequency cl,ar,gcs, givcl, i,) lI;qs. (15),(27), in

tcrlns  of tllc l)llasc clIal Iges defined below

_ 1 dA+I(t) ,  w(t) -  v{)-—
2?rv(J (11  - ‘ - Vo

(28)

IN l;qs.  (15), (27) dmivcxl above wc c.ollsidercd oIIly t]Ic cflect of a gravitational wave 0]1 the ]neasurcd

lJllasc shift, lf wc also take into acc.oullt Lllc pllasc shifts  CIUC to the laser flue.tuatic]~]s, and tllosc  due to

tllc l)ossiblc unc.orrclatcd  rc~milli]l.g IIoisc  scmrccs affcc.tillg tile outpl]t

frequency cliflcrmc.cs  (l;qs,  (28), (29)) assume  the following forln

1 dA@l(t)  ‘J-:- - - - -
2nu(j , [

= ~ V(L - 2k],)  - ,  -.l ‘~mtz(?!’)-  _
dt

k=O
27(v(J ‘-

9

of tile ollc-arlo  resl)olm, Lllc relative

d}’(t) 1 ~ -1 (hll(t)_ —.——
271v; - dt ‘

(30)
dt



1  <A(/J2(q
I{- 1 JJ-1 11- 1

1? ;“//O [//
= >; y(t - t?l~l, - ?kl, - 1) -1 }; ?,(t - ?kl. - d) - >; !,(L - 2k)/ - /)

A’:o k:. o k:’o

(]+ ‘) [/,(1 - y]j], -/) - h(t  - 21;1, - 0/)  - L(t  --/)  -i h(f - Cki)]- 1 -2

1 “dl’(1 - 41.{1. - 1) dl’(t - 21{1,  -- 1) 1 1  d?l~(t)
-l - - - -  ”  - ( / t ” ” - - -

27il@
-1

dt %/)0” -- (It ‘
(3])

wlicre we IJavc dcllc)tcd by l’(t) tl]c la.scr l)llasc ]Ioise , [111[1  by ?l; (1) ; (i = 1 ,2) tll C lJllaSC  cllallp;c (1UC tO LIIC

rclnaillillp; IIoisc sources. IL catl l>c ar~;llcd Lliat lJIosl c)f tllesc IIoisc  tcr]lls  arc i]]vcrscly  lJrcJ~Jclrtiollal  to tllc

arl}l lcnglh  1, [G] illlljlying  that the ]ollg;cr tllc arlll  lclIgtlI, tl)c slnallcr  tllc col]tlributic]~l tcI the overall phase

cllallgc duc to LIICSC Lcrllis.

Of all tlic lloisc sources, tllc laser frequcnc.y  iloisc is tllc largest,  being cigllt to ten c]rdcrs of lnagnituclc

larger than tllc a~nljlitudc  of any c)tllcr uc)isc sc)urcc  [2]. III a regular Michclso]i  IIlterfcrol[lctcr  tl)c laser l)liasc

f l u c t u a t i o n s  IJropar;atc along tllc two cmlllclgollal and allliost  equal lcmglh arvns ,  ancl \vl I121) (lIC  rctur)ling

bcalns  a r c  rccolll}~illcd  aflcr  cacl) Inakcs )J IIOUIICCS, the flue.tuatimls arc dclayecl by equal ti~jm  and so

c.anccl. IJircc.tly, willlc]llt  IIcccl for illdc])clldcnt  readouts, tlie gravilatic)lla]  wave si.qlal  of course will not

c.anccl out  sine.c c:icl~ arill is affected dif~crclltly  hy tllc wave duc to its transverse tracmlms IIaturcj  and its

response f~lllc.tioll can bc c,ptilnizcd. i n  our l]arallcl  ar~o ol)tical  collflguratio]l, wc  alscj }~alit to co~nbinc

linearly tllc two data sets, ]ncasurcd  at the outlput })orts of tlic two arlos,  in suc]l  a way to callccl tllc laser

)loisc ancl still rclain  the gravitational wave signal. As wc shall SIIOW below, this call bc done; I,llc lnagnitude

of tllc rclnainillg  gravitational wave signal, IIowcvcr, is about 11 tilncs  Slnallcr than  what  one woulcl d e t e c t

with a twro-ortllogoll al-arill  Michelson IIitcrfcrolnctcr.

l,ct us assurnc, for (hc ]r)o]iicnf, that tllc arln  lc~l.gth 1. and tl)c oflsct distaucc  1 arc kltown exactly. Fr-orn

Eels. (30), (31 ) wc IIote tl]at, by time shifting tllc data set fro~n tho scc.oncl arln  with rcsl)cct  to thcxc of the

first arml by 2111, -1 1, a]id t]lcn suhtrac.ting  tllc~n frolll the data c)f the first  arm, wc rcvncwc the laser noise.

‘JIIIC so for]ncd new frcqumicy change, dAd,, (f)/dt, c.olltailis  the  followirlg tcrllls

L



-

-1 //(1-1 2/11/-1 (1 -

Allcr  SO]IIC sitlll)lc alg;cbra,  l;q.

,[

dlt] (t) dn~(  t-1 2}11, -1 /)
(r)l) ]-1 & - -(/1 - -

d( 1 (32)
(32) can cquivalm,tly  bc writ,tc,]  as a trmwfer fu~,c.tie], in tl,c I’ouricr do],,ain

(33)

]vllcrc R(f) is the tllrcc-pu]sc  trzil)sfcrf(lllctic~ll  givcm ill ltq.  ( 9 ) .

]f wc CXIIaIId again lI;q.  ( 3 3 )  ill the loIIg wavc]cIIgt]I  ]ilI)it (~1, << I  but 4]ljl, v 1), f o r  L]IC doI[iiliant

frcquc!lic.y l)al]d of l}ic gravitatiorlal  wave siglla], \ve get

](;q. (34) s]lo\\’s solllcilltcres(i)  )g, al)dsor[]cw}lat  ])ccll]iar  I]ro~jcrtics  oft)lcrclt"l:~i rli1lgg;ravitatiolial  w a v e

signal.  l(’irst of all wcllotctllat wliml  Lllcoffset ~isc(ltlal tozcrotllc grtivitatiollal  wavcsigrlala  lsovalli.shcs.

'l`llis isagerlcral reslllt, valiclf c)rallyc ~i\llcla IlygrzLvitatiorJalw'  avelcllgt}l (see}’;q. (33) above). lnfac.t, when

1=- O t]lcgravitatiollal wavcsigl,  al ia Lllcsccc,rid arl]l is delayed by !, I,esal, malrlount  as tllclascr lloisc, allcl

tllmeforc  when we  rctnovc tllc laser lloisc wc also rclnovc tllc wavcsigna]. “J’llis’’dclay effect” cxplaills  also

tl)c uliusual  antcvl~la IJattcrn,  or dcpe]idcnc.c  o]) ~, dccluccd ill lI;q. (34). ‘J’tlc transvci-se  gravi tat ional  wave

signal goes to ZCrO ]Iot o]lly  }VIICIJ the wave l)ro~]agatcs  along the dircc. tio]l of the arms (cr = 3 1), but  also

w]le]l i t  l)rO])agatCX Ort]lOgOlltLl]y  t o  t]l C ZlrlllS  t]lC!IllSC!lVCS  (CY = ( ) ) ,  ]tor & =.  o ~]le “t]lr CC-pU]SC” H2Sl)OIlS~ Of

ally onc-arvn  illtcrfcwo]llcter, l;q. (19), bccc~]ms a “(wol)ulsc”  res})orlsc  i(lcrltical totllat foral&~cr  fluctllatiorl

in ](;q. (30), and tllcrcforc  tllc two gravitational wave sig[lals irl t}lc cornbiaccl data set will c.arlccl out. We

finally note  that tl)c rImxilnul[l  valucoftl)e antcrlrla pa t t e rn  give]) irl Nq. (34)  iscqua] to <3/9, whilcfor

a regular Micllelsol) i]ltcrfcrorllctcr  tile rnaxilnurn is equal  to 1. ‘J’llisallows usto cc)rnpare,  forcacll louricr
..— -

c.olnl)oncnt  of tllc salnc  w a v e  arllplitude  h, tllc IIlaxirnuln value of tllc pllasc shift  A~)j(f) i~]ducccl by a
- - -

w a v e  ill a l~arallcl-arll] illtcrfcroll]ctm- against  tllc c.orrcsl]oadirlg  O]JC, A~~,(f),  exljerimlc.cd  by a Miclle]son
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i]ltcrfcrol)lcLcr.  WC find the fo]lo}viug  ratio of Lilt two phase sliif!.s at at) arbitrary ]~ouricr  frcqucu]cy j

-.. .
A@)(j)
----- v 1.3 x ijl.
M!,(f)

(35)

l’ior agraviLatioll:il  wave signal  of dolllillanL frcqllcmcy  I kllz, all~l assllr[lil~g  1 to I’c al’o~lt 2 k~I”I,  all o f f s e t

l,arallcl-arllj  illterferol])ctcr  would observe agravitatiolla] wavceffect  100tirllcs  slllallcrtll:tl) what wouldhc

observed by a regular hlic.]lclson llltclfcrc)~llctcr. I f  tile IIullll>cr of boullc.es }i arc clloscn to lrlaxilIlizc tllc

si~;llal at I,llis frcqucllcy,  tllall  l’kl. (35)  call l)c rcwrittcll  ill tllc follc)willg  forlll

X7):( j) i
-- —-— C-’ 1,3 X---
A4J:,U) “11{

(36)

IV Magnitucic of the remaining laser noise

II) tllel>rc}’iollsscctiol]  tllcrcsl)o)lscf~lllctioll  oftllcc]ffsct }J:lrallel-arli  lilltcrfcrollictcr lvasclerivecl llllclcrtllc

assu~nptiol!  of knowing the ICJIF;LII  2111. -1 1 c!xac Lly. ~ur kllcnvlcdgc of LIIis kv@Lh is, hcnvcvcr, not exact, bcilug

lill-litcd  bytllccrrc]r }vclll:ilici l~ll)casllrillgit. l.ct usdmloteby6sucll  allcrror, ancl let tlsalsoa.ss~lll-lctllat

tcr]r)s of thcordcr  ~~(t)$/i, hI,z(t)d/1,  whcrcthc dot clcnotcstl]c ti~ocdcrivativcj  are rlcgligil)lc with respect

to tcr]ns  of order It(t),  and nl,z(t). As wc sl]al] SILOW  below tllc prcc.ision requircxl  ill tile determination of

the arln  lcngLlljustifics  this  zissull!ptioli. lfwcgolmck  tol;qs.  (30) ,  (31), and tiloCsllift tllc ClatascL frorll

Ille second arlll with respect  to tllosc of tlic first arln  by 21{1.  -1 l-l 6, alld tllo~l sul)tract tl]c][l again fro~o

tllc data oftllc first  ar~n, wcgct tllcfc,llo]vi~~grcs~llL

1 dA@l, (t)- 1

[

dA~l  (t)
- - - ]  -  L

dA~2(t  -I 21\l,  - 1  1-1 6) ~ “-<
— . [y(t -1 2}il/ - 2klJ)

~z,,o - ;jl -- ‘“ ~nvo ‘- “Cjl”- dt k=o

(1 + c,)
y(t -} 2111, - 2kl,  -t (1 -- rv)l)]  ----2- [h(t) – h(t  + (1 - 0)/) -- h(t  -1 2111/)

[

d?ll (t) d?lz(t -1 21/1/ -{ f)
-1 h(i -1 2111/  -1 (1 - &)/)]  i- ~:;i --clt ---- - ,/t-- 1

12

(37)



III l]IC l?ouricr  dolllaill aIIcl iII L]IC  ]oIIg wavclc]lglll lililil,  for lllc dolllillaat  frcqucacy  llaad  c)f tlIc gravitatiorlal

wave sig[~al, wc p,cl

(3s)

‘J’lIc  cquatiorl  al)o~’c  a l lows us  10  cslirilatc  tlIc i-clativc IJrccisio]l  c$/1 rwquircd to rcducc  tllc laser IIoise  to

a level sll)allcr  tllall  (lIC gravitational wave alnl)litudc. ]f wc coll]l)arc  t]]c first aIId tile l a s t ,  ter]m ON i,lIe

ri~~llt-llatl(l-si(le  of lI;q. (38), we find that Lllc followil]g rclationsl]ip  II-just  IIold

(39)

If WC assullm a fractional frcqueIlcy ]Ioisc  due to tl]e laser of 10- 1:~ wl)cu  searcllilig  for a sigl]al with typical

wave alnplitudc of 10-2], a separation distzillcc 1 c)f about 2 k]ll, and after  taki)lg  a roc)t-lllc:il)-s(lll:ircd  value

of the alltclllla  ljatltcrll  over t,l)c s})herc, ]’;q. 39 illi~]lics  tllc followil)g precision 6 in Incasurin.g tllc distance

21~1. -I 1, rwquircd for us to c.anccd  tllc laser l~oisc to llIC rwquircd lCVC1

& << 2.2 x 10- 4 ClIl. (40)

V  C o n c l u s i o n s

We have cliscussccl a ]ncthod  of iatcrfcrwnctric detection Ofgravitatiol]al  waves using ]nulti])le houIIcc  parallcl-

Lca]ll syslcIIIs.  “J’llc lnaill result of our analysis, dcxluc.ecl ia l;q. (34), shows that it is ~,ossib]c  to mnovc

]asm frequency flue.tuatiolls froIn an of~sct ]]ara]]c].  hcm~n i]]lcrfcro]l~ctcr  without, rcvnovil]g t]Ic gravitatio]la]

wave siglla]. ‘J’lic tllap;niludc  of the rmlmi)iillg,  gravitatio~lal  wave’s l)llase shift is, IIowcwcr,  about }] tirncs

s[liallcr tlla~l what  a rcgu]ar  two-arlll  hlicllclsm) intcrfero~lictcr  w i th  11 boutlcm  WOUICI ~neasurc.

la addition  to tIlc parallel-bcaln illt,.srfcro]actcr co~isidcmd  in this l)al)cr, we also analyzed several other

optics configuratio]js. Altlloug]] W.S could ]Ic]t  fiIId aIIy im~)rove]lmrlt  with rcsl)cct  to t h a t  deducd lmc,

wc do not  e x c l u d e  a priori the cxistcncc  of  a  bet ter  aIIcl clevcrcr dcwigu that would ]nalw ])arallcl-bcatn

intcrfero]ndry Inorc cfl’cctivc  for II;arttl  based dc.tec.tors. ‘1’lIis  would lJC applicable to situatio]ls ilI which site
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ccrllslrair!ts  do IIOL allo\v lIIC col]structioa  of two long w~cuaIII  l)iprx alo]]g ortl)ogollal  dircc. tiolls. IL would rdso

illll)]y  t]lat l~~;lll<lr  C)r~ll O<;Oll?L1-<lr Ill Vac.lllllil  illStalhl!iOIIS  C. Ollld  t; CllCratC  t\VO S~rCZll Il of data, flO1ll illdC!]l C1l(l Cllt

oiic-arlll  SYSLCIIIS,  l)roviding  l~otll rcdLIIIdaIIc.y  iI~ tl]c d a t a  alialysis  aIId u s e f u l  dircc.tioIIal illfcmrnation al)out

tllc gravitatiolla]  wave si~;ilal.

IL is a l)lcasurc  to [hank  Ulvi YurLscvcr for several useful discussiolw, and lton I)rcvcr  and l(i~l ‘1’llorlle

f o r  Lllcir attcntio~i  and cncouragculmt  darittg  this work. hl .’1’. zic.liIImvlcxlges tlie finatlcia] supI)ort  l~rovidcd

by tllc Gdcstial Nlccl)allics  l;x]]cri~lwllt,  l e t t e r  c)f agrcclocllt  AIW/1’l’017,  l’io]lccr l’rojcct, NASA/Ah41{;S

lkscarcll ~c~~tcr, ‘1’liis rcsc.arc.h was  }mforlncd  at the Jet l’rol~ulsion  l,aboratcmy,  ~alifor~lia  lnstitutc  o f

‘J’CC]IIIOIC)F;J’)  lllidCr COllhC.~ With  NASA.
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11’igure Captions

IJascr  lig;llt ofllolninal f r e q u e n c y  vo is i]ljcctcd  i]lsidc tlvollig;llly  reflecting  lllirrors,  a and b. It bou]Iccx 11

tilrlcs:igaillst l[lirrorb,  :~l]cl tllcilis lll:Lcle toil] tcrft`rc Ji'itll tllcillcol]lill  glig;llt frol]ltllcla.~cr.  ‘I’llcgr[l}~itatio~ lal

wave trai]~ ~)ropa~a~es along tllc 2 dircctioll,  al]d tl]c c.osillc of tllc alig]c bctwcc)l its direction ofl)ro])agation

and tllc laser  lip;lit is dc]lotcd by m.

Sl)acc-tilm  diagralll  describing tllc optical col]figurat, ion discussed in Fig. 1. ‘l’lie vertical axis is tllc tilne

axis t, wllilc tlic horizontal  axis  is  t}le lillc rrz -1 f32:. a is tile cositlc of tllc angle  hctwmm tllc clircction

of })rC)])Zi~~tiOll  of thC ~L’aVitatiOllZi]  WtlVt?  a n d  t]lc! Cli I’CCtiOIl CIf tllC ]i~]lt; @ iS  dCkrIIliIIC{~ by thC dEi~iO]I

02= ~- ~r2. 'J`llcg~o~lesic  ~vorlcl lilleof lIlirrC)r c~coillciclcs  \vitlltllc tiIIleaxis i,\\' l]iletllc \\'orlcl liI]cof]Ilirror

bisg;ivml byx= $’1,, v=. (),2=. crl,.

]1’igurc  3.

‘] ’WO])Eira]]C!]  fOldCd  hCZil IiS (liSpOSC!d SC!CIUC1ltiFil]y,  CXLC]I Clf tOta] ]C!llgtll ~}~1,, a n d  ofkt hy adiStallC.C~.  I,&?~Cr

Iig;llto ffre(ltlcIlcy Vo isinjcctcd into first arln. Aftm  lnaking  1) bounces, part of it feccls tllc next, arln,  wl)ilc

the rclnailling  light intcrfcrcs  with light froln tllc ]ascr. IJigllt ill tllc second ar~n also ]nakcs 11 bouuc.cs and

then intcrfmcs  with the light. shining on its input port.

Fi.guw  4.

Sl)acc-ti  Ine diagr:irl] dcsc. ribing  tlic  optical collfigllratio~l  disc. rlsscd ill 11’ig. 3. ‘J’l]e vertical axis is the tilne

axis i, while tile ]Iorizontal  axis is the li~le fiz + /3x. cr is tile cositlc of the angle bctwccnl tllc d i r ec t ion

of prol)agatiou  of tllc ,gravitatio)la]  wave and tllc direction of the light; @ is Clctcwlninrxl  I)y the relation

P = 1- ~2. ‘J’llc world line of lnilror a coincide with the ti]rnc axis t, while the world lihc of mirror h is
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givcu)  by z = /11,,  {l : 0, 2 : N1,. M i r r o r s  c a]Id  d ~Irc rcsljcclivcly re],rcsc]ltcd  by t,hc folloj},i]]g world  ]i]lcs:

T= /31, y=o,2= (Ii; x= /-7(1  -11/),7J=  0,2= &(/-l l/).
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